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GLOSSARY OF TERMS AND EXPRESSIONS USED IN THE MODEL

CONSTANTS

e magnitude of charge on an electron

m_ mass of a bare electron
kB = Boltzmann’s constant

h = Plank’s constant

h = h/2n

N

N Avagadro’s Number

KNOWN MATERIAL PARAMETERS

y = Germanium content ( Si _ Gey)

a’ = (2.7155 A)3 (1-y) + (2.8288 A)3 y mean atomic volume

Aa = 2.8288 A - 2.7155 A atomic size difference

M =28.086 (1-y) + 72.59y mean atomic mass

AM = 72.59 - 28.086 mass difference

d = M/a3 mass density

G =1.033 (1-y) + 1.017 y related to elastic constants

8 =4.19 x 10°° 2732 w2 ¢ Debye Temperature .
v = —%E 6 1°) 3 9 a speed of sound

E = 0.8941 + 0.0421 (1-y) + 0.1961 (1-y)?

B
4

- (0.00037 y + 0.00023 (1-y)) * T
= 2.0,
= 0.91

the anharmonicity parameter

band gap energy

the ratio of Normal and Umklapp scattering rates

MATERIAL PARAMETERS DETERMINED BY LEAST SQUARES FIT

mt = 1.40 m effective mass of a charge carrier in each band
€

E, =2.94 ev deformation potential for each band

et = 27.4 dielectric constant for each band




S, | |

CALCULATED MATERIAL PARAMETERS

E* = Eg/kBT = reduced band gap energy ‘
g

n = chemical potential of an electron (relative to conduction band edge)

n* = n/kBT = reduced chemical potential

nt = density of charge carriers in each band
Na,d = density of electron acceptors, donors
N = number density of atoms in the crystal

ot = partial electrical conductivity of each band

o = total electrical conductivity

R: = partial Hall coefficient for each band
R = total Hall coefficient

u% = partial Hall mobility for each band

k. = total Hall mobility

Qt = partial Seebeck coefficient for each band

Q = total Seebeck coefficient

£+ = partial Lorentz factor for each band

£ = total Lorentz factor

= £ 0 T = electronic contribution to the thermal conductivity

K
Kﬂ = lattice contribution to the thermal conductivity

K = Ke + KE = total thermal conductivity

ZT = onT/K = thermoelectric figure of merit

X = E/kBT = reduced energy of electrons or phonons
1,2
* "? mxv
Et = T - Reduced carrier energy, at the speed of sound
*
Fn(n ) = Fermi integrals (n= 1/2 is the Fermi function)
*
G%(n ) = Transport integrals
*
Hﬁ(n ) = Transport integrals in a magnetic field




ELECTRICAL TRANSPORT COEFFICIENTS FOR

A SINGLE BAND OF HOLES

372
4n[2m+kBT] F (-E;-n')

h2 172
8= e2 372 * *
=—-—3 (2 m+ kB T) Gg/z(—E -n)
3 m+ h g
He (-E° - q")
* 3 h3 32 9 n
3/2 2 * *
8me (2 me kB T) G:+3/2( Eg n)
He (-E° - 7")
- e 5/2 - g -
- T G ( E* t)
M+ 5/2 - g "
* *
+ kB GE/ZZ(_Eg -n) »* *
= —_ - . + Eg + 7
e G§/2(—Eq -7n)
G ( Et *) G ( El l-) 2 E'l *)
+ _ [ ks 2 3/2 g n 772 g n B G§/2(— g K
e Gi _(-E -1
€ 5/2 g n




ELECTRICAL TRANSPORT COEFFICIENTS FOR

A SINGLE BAND OF ELECTRONS

372
2 m-kB T *
4 n [——— ] F1/2( n)

h?
8= e2 372 *
o =*3 (2 m- kB T) G§/2( n)
3m-h
H- (2)
R o 3 n’ a2 !
H ; 372 2 *
8me (2 m-kB T) G:_s/z( n)
H- (7
e 3/2 )
By = — —
m- G5/2'[ n )
*
- kB G_/z( 1) *
Q =- — | =X — -7
© G320 ™)
» * 2 *
¢ = [ﬁ]z ,:Gi/z( ) G7;2( n) - G§/2( )
2 *
€ GS/S )
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INTEGRALS FOR ELECTRICAL COEFFICIENT CALCULATIONS

o1 + exp(x—n*)

® T+ x" exp(x—n*) dx

[1 + exp(x—n*)]2

T exp(x—n*) dx

[1 + exp(x—n*)]2

CARRIER RELAXATION TIMES

E; a° (mt kB T)

{2 mz s%
(Na + Nd) gt

8mtk T .2

16 n° > mi’2 (2 ks T)




ELECTRICAL TRANSPORT COEFFICIENTS FOR

A BAND OF HOLES PLUS A BAND OF ELECTRONS

Na + n- = Nd + ns+

R = [R e+ R'of]/oz

H H

By = o Ry
Q= Q¢ +Q¢) /o

+ -

2 = [2+0+ + Lo+ 000 (Q*- Q-)Z) /o |
K =%2¢T

e

A-6



LATTICE THERMAL CONDUCTIVITY

2 nz v h
USING:

6/T x? ex (x)

I T —————Jl———z; dx
0 ° (exp(x)-1)
8/T x x? ex (x)

B J‘ —T—c _%p 2 dx

0 U (exp(x)-1)

R je/T__l. [1 s T ] <4 exp(x) i
T T 2
) ] U (exp(x)-1)

PHONON RELAXATION TIME:

b= (1+8) T + 71, ¢t
c u pd e
5
-1 20 w 6 )73 1+ 5 B y2 TY =2
TWw T T3 RN |3 1+ B 2 |8 X
“ M a
-1 2 2 a 3 kB T 4 4
Tpd =y (1-y) [(AM/M) + 39 (Aasa) ] [-;—] [ Y ] X
E2 m, v * * 2 *
1= £ Tt ln[ 1 + exp(-Et + n - x°/16 E+ + x/2) )
° 4na'deEt 1 + exp(-E¥ + 2" - x%/16 EX - x/2)
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A MODEL FOR THE THERMOELECTRIC PROPERTIES
OF N-TYPE SILICON-GERMANIUM ALLOYS

Cronin B. Vining
Jet Propulsion Laboratory
California Institute of Technology
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INTRODUCTION

Silicon-germanium alloys have proven remarkably reliable in Radioisotope
Thermoelectric Generators (RTGs) and are the current materia.s of choice for
the SP-100 space reactor program. However, even after three decades of study
and extensive practical experience (including the spectacular Voyager
missions) the best available models of the thermoelectric properties of these
materials are little more than interpolation schemes based on experimental
data. The present study extends a previous model for the thermal
conductivity and, for the first time, applies conventional transport theory
to develop a model for the electrical properties of n-type silicon germanium.
Moreover, it is shown that treating the electrical and thermal models
self-consistently predicts the observed properties of silicon-germanium with
good accuracy using only three, physically interpretable parameters. The
nature of the model and agreement with experiment are discussed.

BACKGROUND

Ideally, the efficiency of a thermoelectric system can be calculated from a
knowledge of a single material property: the dimensionless thermoelectric
figuge of merit, ZT. ZT is related to measurable materials parameters by
ZT=Q"¢cT/XA , where Q is the Seebeck coefficient, o is the electrical
conductivity and k is the thermal conductivity.

Silicon and germanium, the two most intensely studied semiconductors,
possess small ZT values, perhaps 0.1-0.2 and are nearly useless for
thermoelectric applications, in spite of attractive chemical and mechanical
properties. Heavily doped, n-type alloys of silicon and germanium, however,
achieve ZT values around 1.0 (Dismukes et al, 1964) due to a reduction in the
thermal conductivity upon alloying and have been the materials of choice for
thermoelectric space power systems since their development over 20 years ago.

To understand the behavior of 2T as a function of composition, doping level
and temperature a model of the thermoelectric properties is needed. The
conventional theory of the simultaneous transport of electrical charge and
heat in a solid, a rich subject filled with assumptions (which will not be
discussed here), provides the following picture. A solid consists of a
nearly regular geometric arrangement of atoms, called a lattice, which
vibrate around their equilibrium sites. Since each atom is bonded to the its
neighbors, the displacement of one atom is not independent of the
displacement of its neighbors. Motion of an atom at one site will cause
neighboring atoms to move also. Hence, a disturbance at one site will

propagate throughout the lattice, much like the waves on a pond in which a
pebble has been dropped.

Since these "waves" of propagation in a lattice are the mechanism by which




sound travels through a solid, they have been called phonons and are
characterized by their frequency and the speed with which they propagate, i.e.
the speed of sound, v. Each phonon (loosely, a particle of sound) carries
energy in the direction of propagation, in Jjust the same way that a photon (a
particle of light) carries energy. Occasionally, a phonon will hit something
which alters its energy and momentum. These are called scattering events and
are characterized by the scattering rate, given by 1/rph, which represents

the number of scattering events per second. The typical phonon travels some
typical distance, 1ph =v rph. The heat carried by the typical phonon is

Just the heat capacity, Cph. A crude estimate of the thermal conductivity of

the lattice is then given by k = +C v 1 .
ph 3 ph ph

So far, our solid is an electrical insulator, since only the motion of the
(neutral) atoms have been considered. Consider that a few of the atoms are
different most and have one more electron around the nucleus than their
neighbors. These few atoms are called dopants. The extra electrons travel
about essentially freely through the solid and are called conduction
electrons. Just like the phonons, these electrons will occasionally be
scattered (hit something) altering their energy and momentum and the
scattering rate for electrons is given by 1/rel. The electrical conductivity

is given by ¢ = n e tph/m. And, using the Wiedemann-Franz law, the
electronic thermal conductivity is given by k L= £ o T, where £ is a
e

constant. Thus, the total thermal conductivity, k, consists of the sum of an
electronic component and a lattice component.

The Seebeck coefficient is more complex than either of the conductivities.
For illustrative purposes the approximation Q = : In (n/no) , Where n is the

carrier concentration and n, is a parameter which depends on temperature and
. . . k . .
the scattering mechanism, is useful. = is the ratio of Boltzmann’s constant.
e

to the charge of the electron and has the value 86 uV/K. This expression
shows that the Seebeck tends to be large and negative (for n-type) at low
carrier concentrations and tends to approach zero as n approaches n0 from

below, exactly as observed experimentally in silicon-germanium alloys.

While the expressions given here for ¢, k and Q are exceedingly crude, they
never-the-less capture much of the important physics of thermoelectric
materials. In order to turn these expressions into useful, predictive tools
several things must be done. First, the important electron and phonon
scattering mechanisms need to be identified and expressions for the scattering
rates derived. Second, since the scattering rates will depend on the energy
of the particles, averaging techniques need to be developed. And finally,
the values of the appropriate parameters need to be identified.

- Fortunately, the first two tasks have been essentially done in the
literature. The scattering mechanisms and averaging techniques for
‘calculating the lattice thermal conductivity has been well described
(Steigmeier and Abeles, 1964). The important scattering mechanisms for
phonons are: scattering by other phonons; scattering by point defects (due
alloying silicon with germanium); and scattering by electrons.

The possible scattering mechanisms and appropriate averaging techniques for
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the electrical properties (¢, Q and kph) are also well described in the

literature (Fistul’, 1969). The important scattering mecharnisms for

electrons are: scattering by the dopant atoms themselves; and scattering by
phonons. :

A great many effects have been ignored in these two models. One goal of
this study is to determine the extent to which these relatively simple models
can describe the observed properties of silicon-germanium ailoys. Since the
models themselves are well established, the only remaining task is to
determine the appropriate values for the parameters.

Parameters describing phonon scattering by other phonons and scattering by
point defects (alloy scattering) have been taken from the literature
(Steigmeier and Abeles, 1964). These parameters were determined by study of
the thermal conductivity of pure silicon and undoped silicon-germanium
alloys. In order to describe the scattering of phonons by electrons the same
authors used Ziman’s expression for the phonon-electron scattering rate,
which involves two unknown parameters: the effective mass of the electron and
the deformation potential. In order to achieve a good description of the
data, Steigmeier and Abeles allowed the deformation potential to vary with
doping level. This procedure considerably weakens the utility of the model,
while still suggesting that the basic model is not entirely wrong.

In order to estimate the lattice thermal conductivity of & doped material,
one must subtract the electronic contribution from the total thermal
conductivity. This procedure is not so easy to perform since first one must
have a reasonably reliable model for the electrical properties. Regarding
the samples composition and doping level as known, only three unknown
parameters need be determined to calculate the electrical properties:

, effective mass of the electron
, deformation potential.
, dielectric constant

m M3

A great many other parameters are also required, but they are either known
from other measurements or can be calculated. Hence, once the electrical

model is completed, the lattice thermal conductivity is also be determined
with no additional parameters.

COMPARISON OF MODEL AND EXPERIMENTAL RESULTS

Best fit values for m, Z and ¢ were determined using a least squares
routine. Experimental data on ¢, Q, the Hall mobility and k for about a
dozen n-type silicon-germanium allogs, covering room temperature doping
levels between about 102 to 2 x 10 o’ germanium contents between 0O and 40%
and temperatures between 300 K and 1300 K. Comparison of some experimental
and calculated values for p = 1/¢, Q and 1/k are shown in Figures 1 through
3, where the solid lines represent the model calculations. The agreement is

'seen to be quite good.

It should be emphasized that only three adjustable parameters are involved
in this model. This is the first physically plausible model of the
electrical properties of silicon-germanium. Also, the thermal conductivity
model represents a significant improvement over the previous model, in that a

single deformation potential value is sufficient over the entire doping range
of interest.
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Figure 1. The electrical resistivity for five samples of silicon-germanium
. as a function of temperature. Solid lines represent the model calculations.
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Figure 1. The thermal conductivity for three samples of silicon-germanium as
a function of temperature. Solid lines represent the model calculations.

CONCLUSIONS

This study establishes for the first time that conventional thermoelectric
theory is sufficient to provide an accurate and quantitative description of
all of the transport properties of silicon-germanium alloys. Moreover,

excellent agreement with experiment is achieved with only a minimum number of
adjustable parameters.

Extrapolation of the results of this model beyond the regimes where
experimental data are available is now underway and is expected to be a key
factor in the development of significantly improved thermoelectric materials.
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