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A model is presented for the high-temperature transport properties of large-grain-size, heavily 
doped n-type silicon-germanium alloys. Electron and phonon transport coefficients are 
calculated using standard Boltzmann equation expressions in the relaxation time 
approximation. Good agreeme..t with experiment is found by considering acoustic phonon and 
ionized impurity scattering for electrons, and phonon-phonon, point defect, and electron- 
phonon scattering for phonons. The parameters describing electron transport in heavily doped 
and lightly doped materials are significantly different and suggest that most carriers in heavily 
doped materials are in a band formed largely from impurity states. The maximum 
dimensionless thermoelectric figure of merit for single-crystal, n-type Si,, Ge,,, at 1300 K is 
estimated at ZT- 1.13 with an optimum carrier concentration of ~~-2.9~ 10zO cme3. 

I. IPJTRODUCTION 

The discovery that the thermal conductivity of silicon- 
germanium alloys was much lower than predicted by linear 
interpolation’ spurred interest in these materials for ther- 
moelectric applications. The thermoelectric properties of 
SiGe alloys were studied in the 1960s as a function of compo- 
sition, carrier concentration, and temperature using heavily 
doped zone-leveled materials.2’3 Prepared by more economi- 
cal powder metallurgical techniques,4.5 these alloys are still 
in use today as the active elements in radioisotope thermo- 
electric generators’,’ ( RTGs), providing reliable electrical 
power for the Voyager and, more recently, the Galileo space- 
crafts. The ability to tailor the material properties through 
alloying and the extensive background information available 
has resulted in continuing interest in modifications of SiGe 
alloys such as thin films,*-” amorphous materials”.” and 
hot-pressed materials.5v’3-‘b 

Various efforts to improve the thermoelectric perfor- 
mance of SiGe alloys have also been reported. Addition of 
Gap, once thought to lower the thermal conductivity,” is 
now believed to act as a superior dopant.‘4.‘s Theoretical 
calculations indicating improved figure-of-merit values for 
hot-pressed SiGe alloys due to grain-boundary scattering of 
phonons Is*19 have been partially verified: Hot-pressed SiGe 
alloys have been shown to have lower thermal conductivity 
values,*‘.” but only modest ( 11% or less) enhancements in 
figure-of-merit values have been reported5.22 due to offset- 
ting reductions in the electrical conductivity. 

In consideration of the continued interest in SiGe alloys 
and ongoing efforts to improve their thermoelectric figure- 
of-merit values, better theoretical models of their transport 
properties would be very useful, particularly at high carrier 
concentrations and temperatures. Space applications such as 
RTGs can particularly benefit from improved theoretical 
guidelines. Even modest improvements in thermoelectric 
performance can result in substantial savings due to the high 
cost of fuels for RTGs. 

The most complete study in the literature which at- 

tempts to describe all of the transport properties of heavily 
doped SiGe alloys is due to Raag.23m25 In this work the elec- 
trical resistivity and thermal conductivity of hot-pressed 
Si,,Ge,, was studied experimentally as a function of time 
and temperature for periods of up to 4000 h. The Seebeck 
coefficient values were estimated from the measured resistiv- 
ity values, using prior experimental data on zone-leveled 
SiGe. The results as a function of time and temperature were 
summarized in graphical form and later were reduced to 
tables for use in a computer look-up scheme.26 

This work has proven extremely useful for engineering 
applications, but is not actually a model since both the trans- 
port properties and the precipitation kinetics were treated 
essentially empirically. Only one attempt to simultaneously 
model both the mobility and Seebeck coefficient of heavily 
doped SiGe alloys has been published, but the results were 
only qualitatively reliable.*’ Calculations of the electrical 
mobility have been performed for undoped SiGe alloys, in- 
cluding alloy disorder scattering of the electrons,28 but this 
work has not been extended to doped materials. 

A detailed model for the mobility of n-type silicon has 
been reported by Li and Thurber,29 covering carrier densi- 
ties approaching 10’” cm- 3. In addition to acoustic-phonon 
and ionized-impurity scattering mechanisms, Li and 
Thurber considered scattering due to several different opti- 
cal phonons, scattering due to unionized impurities, and at- 
tempted to account for electron-electron interactions. 
Agreement with mobilities at the highest doping levels is still 
not remarkable, and no attempt has been made to calculate 
other transport coefficients. 

Published models for the lattice thermal conductivity of 
SiGe alloys, while yielding better agreement with experi- 
ment than models for the electrical properties, nevertheless 
require adjustment of at least one parameter for each doping 
leve13’ or adjustment of a parameter for each temperature.3 
In particular, no published model has simultaneously ac- 
counted for the high-temperature Seebeck coefficient (Q), 
electrical resistivity (p), Hall mobility, and thermal conduc- 
tivity. 
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This paper describes a predictive, quantitative, theoreti- 
cally justifiable and self-consistent model of all of the ther- 
moelectric properties of heavily doped silicon-germanium 
alloys, neglecting the effects of grain boundaries and phonon 
drag. Section II describes the quantities used in the model. 
Sections III and IV describe the details of the electrical and 
lattice contributions to the transport coefficients, and Sec. V 
describes the numerical procedures used. Comparison to ex- 
perimental results and discussion of the results are given in 
Sets. VI and VII. 

II. CLASSIFICATION OF QUANTITIES USED IN THE 
MODEL 

The quantities used in this model are classified accord- 
ing to their role in the calculations. Six kinds ofquantities are 
distinguished: physical constants, independent variables, de- 
pendent parameters, adjustable parameters, unobserved de- 
pendent variables, and observed transport coefficients. This 
classification scheme, summarized in Table I, is somewhat 
arbitrary, but helps to emphasize important differences in 
the way various quantities are handled. 

The physical constants have their usual meanings. The 
dependent parameters are material properties which can be 
unambiguously calculated from the two independent pa- 
rameters y and Talone. The values of the dependent param- 
eters have been selected to accurately model the functional 
dependence of these quantities. 

The adjustable parameters are quantities which are to be 
determined by comparison to experiment. With the excep- 
tion of the chemical potential, a single set of values for the 
adjustable parameters is expected to describe the transport 
properties of SiGe alloys over the entire range of composi- 
tions, temperature, and doping level of interest. Treating the 
chemical potential (or some equivalent choice, such as Nd ) 
as an adjustable parameter is an unavoidable complication 
which will be discussed in detail in Sec. VII. 

The observable transport coefficients are those proper- 
ties which can be directly determined by experiment. Since 
p, ,u~, and R, are not independent of each other, any two 
coefficients may be equivalently treated as observable, but 
not all three. Other quantities of interest, such as the lattice 
thermal conductivity and minority-carrier contributions to 
the electronic transport coefficients, are classified as unob- 
served dependent variables. This nomenclature serves as a 
reminder that only total transport coefficients are actually 
observed, and estimation of the various contributions to 
such quantities can be highly model dependent. 

Ill. ELECTRICAL MODEL 
For this work, the relaxation time approximation of 

Boltzmann’s equation 32 has been adopted. This method is in 
common use, allows calculation of all of the transport coeffi- 
cients, and is relatively simple to implement. Full account is 
taken of Fermi statistics, and minority-carrier effects are ap- 
proximated. Two scattering mechanisms for the electrons 
are considered: ( 1) scattering by acoustic lattice vibrations 
and (2) scattering by ionized impurities. 

TABLE I. Classification of quantities used in the model. 

Physical constants 

e = magnitude of charge on an electron 
m, = mass of the electron 
k, = Boltzmann’s constant 

h = Planck’s constant 
ii= h/2a 

NA = Avogadro’s number 

Independent variables 

y = germanium content (Si, _ ,,Ge,,) 
T = temperature 

Dependent parameters 

(I3 = (2.7155 A)-l( 1 -y) 
+ (2.8288 A,3y mean atomic volume 

ha = 2.8288 - 2.7155 b; atomic size difference 
A4 = 28.086 ( 1 - y) + 72.59 y mean atomic mass 

AM = 72.59 - 28.086 mass difference 
d = M/a’ mass density 
G= 1.033 (1 - y) + 1.017 y related to elastic constants’ 
0 = 1.48X 10 - *a “*M - “2G Debye temperature’ 

v = -$ (6r?) - “%a speed of sound 

Es = 0.8941 + 0.0421( 1 - y) 
+0.1961 (1 -y)’ 
- [0.00037 y 
+0.00023 (1 -y,] band-gap energy” 

E; = EJk, T reduced band-gap energy 

Adjustable parameters 

Literature values: 
p = 2.0, the ratio of Normal and Umklapp scattering rates’ 
y = 0.91 the anharmonicity parameteP 

E, = 39 a strain parameter for point defect scattering” 
This study: 

me = 1.40 m, effective mass of a charge carriei’ 
E, = 2.94 eV deformation potential’ 

Et = 27.4 dielectric constant’ 
n* = v/k, T reduced chemical potential of an electron 

Unobserved dependent variables 

T+ 
n I 

= reduced carrier energy, at the speed of sound 
= density of charge carriers in each band 

N,, = density of ionized electron donors 
o i = partial electrical conductivity of each band 

R ,$ = partial Hall coefficient for each band 
R,, = total Hall coefficient 
,u,’ = partial Hall mobility for each band 
Q? = partial Seebeck coefficient for each band 

3 * = partial Lorentz factor for each band 
Y = total Lorentz factor 
K, = P’aT = electronic contribution to the thermal conductivity 
K, = lattice contribution to the thermal conductivity 

ZT= Q’aT/K = thermoelectric figure of merit 
x = C/k, T = reduced energy of electrons or phonons 

Observable transport coefficients 

0 = total electrical conductivity 
Q = total Seebeck coefficient 

pH = total Hall mobility 
K = K, + K, = total thermal conductivity 

*Reference 30. 
b Reference 3 1. 
‘This study. 
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The concentration of electrons, n -, is given by 

n- = 47~(~m~~~~~‘*F,,, (7j*) 

where q* is the reduced chemical potential (relative to the 
conduction-band edge) and F,,, (v*) is a Fermi integral of 
the type 

s 

cc 
F,,(v*) = 

x”dx 
0 1 +exp(x--*) * 

(2) 

The electrical conductivity of the electrons is calculated 
by taking an appropriate average of the relaxation time and 
is given by 

8ne2 (2m-k,T)3’2G3/2 (T*), ff-=- 
3m-h 3 

(3) 

where G 3/2 (q*) represents an average of the relaxation time 
given by 

G,+ (v*> = m Tkxn exp(x - v*)dx 
[l +exp(x--*)]2 ’ 

(4) 

and T* is the appropriate scattering rate, + and - indi- 
cating holes and electrons, respectively. Similarly, the See- 
beck coefficient due to the electrons is given by 

Q - = . (5) 

The Hall coefficient involves a slightly different average 
of the relaxation time and is given by 

R,=- 3h 3 H372 (71*) 

8ne(2m-k,7J3’* (G$,)=(q*) ’ 
(6) 

where 

H:(v*) = s - (’ * )‘x” exp(x - T*)dx 
[l +exp(x-r]*)12 * (7) 

0 

The final transport coefficient of interest here is the Lor- 
enz number, 

G,,(v*)Gih(‘~*) - (G,,l=(71*) 

(G,, )‘(77*) 
9 

(8) 

which is needed to calculate the electronic contribution to 
the thermal conductivity. 

Similar expressions are used for the transport coeffi- 
cients of the holes. The only changes are the substitution of a 
relaxation time appropriate to holes, the use of a generally 
different effective mass for the holes, and the substitution of 
( - r]* - I?;) for T* in the various transport integrals. 

Thus, the expressions for the properties of the holes are 

n+ =4c(2m;~BT)3’2F,,2( -E,*-v*), (9) 

(T + =x(2m+k,T)3’2G:/2( -E,*---*), 
3m,h 3 

(10) 

R+-- 3h 3 H;f;,( -Eg*-v*) 
H- 8re(2m,k,T)3/2 (G;t;,)*( -E,* -q*) ’ 

(11) 

Q++ G;;,( -Eg*-v*) 
G&t -E;-q*) +E,*+v* , (12) 

(13) 

The electron and hole contributions are combined to 
yield the various total transport coefficients. The net number 
of ionized impurities is given by the charge neutrality condi- 
tion 

Nd=n- -n+. (14) 
The total electrical conductivity, Seebeck coefficient, Hall 
coefficient, Hall mobility, and Lorentz number are given by 

LT=o++o-, (15) 
Q=(Q+a+ +Q-a -)/a, (16) 
R, = [R,+(o +)=+R;(o -)=]/a=, (17) 

PFclf = OR,, (18) 
and 

+a +O-(Q+ -Q-,=) CT, (19) 
0 

respectively. The last term in the total Lorentz number rep- 
resents the ambipolar contribution to the thermal conduc- 
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I 
tivity. The electronic contribution to the thermal conductiv- 
ity is given by 

K, = YaT. (20) 
For the two scattering mechanisms considered here, the 

total relaxation time is given by 

7* = (T(,‘+T<‘) -1, (21) 
with T ,;’ and 7 i;’ representing the carrier scattering rates 
due to acoustic lattice vibrations and ionized impurities, re- 
spectively. The relaxation time of carriers due to acoustic 
lattice vibrations33 can be written 

n+i4u2d 
71* = 

fiE** (m& k,T)3/2 x 
- l/2 

’ (22) 

The relaxation time of carriers due to ionized impuri- 
ties3= can be written 

7, 
r* = (23) 

with 
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g* b* =ln(l+6, ) --, 
l+b, 
l/2 

x/F- ,,2 (II*). (25) 

This completes the description of the model for the elec- 
trical properties. 

IV. LATTICE THERMAL CONDUCTIVITY MODEL 
Detailed models for the lattice thermal conductivity of 

doped silicon-germanium alloys have been presented pre- 
viously. 3*30 The model due to Steigmeier and Abeles3’ is 
adopted here, with only minor modifications. In this model, 
the lattice contribution to the thermal conductivity is given 
by%35 

K,=-&(y)3(I, +$), 

where 

s 

B/T 
I, = rc 

x4 exp(x) dx 

0 [exp(x) - 112 ’ 

’ 

(26) 

(27) 

(28) 

and 

I3 =fl%'T-$ (1 -65 Ie;;;;;F;12 dx. 

(29) 
In these expressions, r CP ’ is the total phonon-scattering 
rate, 7- ; r is the phonon-scattering rate due to three-phonon 
umklapp processes, fl is the ratio of the normal three- 
phonon-scattering rate to the umklapp three-phonon-scat- 
tering rate, and the integration variable is the reduced fre- 
quency, x = f&k, T. 

The umklapp three-phonon-scattering rate is given byJ6 

l/3 

r', -L2plA $ 
( > 

1 +@y' _T 3x2, X- 
0 1+p Mu2 0 

(30) 

and the normal three-phonon-scattering rate is given by 

TN -‘=@7,1. (31) 
Two additional scattering mechanisms are considered: scat- 
tering of phonons by point defects and scattering of phonons 
by charge carriers. The phonon-scattering rate due to point 
defects is given by”? 

(32) 

where es is a strain parameter. 
The phonon-scattering rate due to electron-phonon 

scattering is given by38V39 

-,J:m;v r’, - 
4nfi4dT*, 

Xl 
1 +exp( - Tf, + 17* -X2/16T,T +x/2) 

1 + exp( - T:, + q* -x2/16~,*, - ~12) ’ 
(33) 

where TT* = $rn + d/k, T is the reduced carrier energy, at the 
speed of sound. The total phonon scattering rate is then given by 

r,‘= (1 +&-,‘+7pd’+q1, (34) 
which completes the description of the lattice thermal conduc- 
tivity model. 

V. NUMERICAL DETAILS 
The expressions described in Sets. II, III, and IV have been 

reduced to a computer code which allows calculation of the 
observable transport coefficients, given values for the indepen- 
dent parameters b,T} and the adjustable parameters 
@,y,wn _ ,E- ,e- ,m -e ,E+ ,E+ ,v*}.The integrals are eval- 
uated to a part in 10 - 6 using a published algorithm for Rom- 
berg’s method. 40 The parameters /3 and y describe the phonon 
scattering in undoped, unalloyed silicon and have been previous- 
ly evahated30 as/3 = 2.0 and y = 0.9 1. es determines the contri- 
bution of strain disorder to point defect scattering of phonons 
and was previously estimated3’ as 6x = 39, and represents less 
than 9% of the AM/M term in any case. 

This study has been restricted to SiGe alloys with carrier 
densities greater than IO’* cm- 3. The effect of minority carriers 
(holes) nevertheless becomes important at high temperatures in 
some cases, and the minority band must be modeled to even 
qualitatively reproduce the observed transport properties. Esti- 
mation of the valence-band parameters, {m + ,E + ,E + }, how- 
ever, will not be particularly reliable since by far most of the 
experimental results are dominated by the majority carriers 
(electrons). For simplicity, then, the electron and hole param- 
eters have been taken as identical. 

With these simplifications, the number of adjustable param- 
eters is reduced to four: Cm c ,E, ,c+ ,v*}. Determination of 
the four observable transport coefficients {ag,,Q,K)on a sam- 
ple at a known composition and temperature 6, T) is, therefore, 
sufficient to make an estimate of all four parameters, and all of 
the other transport properties can then be calculated. 

An ideal experimental data point, then, would consist of the 
set ~i,Ti;aiyf,,,Qi,K,~, where i is an index to identity a data 
point.Thethreevaiuesm.,E,,andE+ aretakentobeinde- 
pendent of composition, temperature, and doping level. How- 
ever, the chemical potential $’ will, in general, be different for 
each data point. Hence, there will be a total of 3 + Nadjustable 
parameters, where N is the total number of data points used in 
the analysis. 

The best-fit values for the adjustable parameter are deter- 
mined by minimizing the function 

J=i, ,:(l -s)‘+i* w+-$= 
+i$, wa(1 -sr+i$* w:(1$“” 
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where the weighting factors ( W”, Wj’, WQ, WK) are either 1 or 
0, depending on whether the corresponding experimental value 
is known or not, and the superscript c indicates the value of the 
transport coefficient calculated using iji,T;m f ,E* ,E* ,T?). 
A generalization of Bevington’s CURVEFIT routine was used for 
this purpose.‘+’ 

The number of degrees of freedom, NnF, indicates the ex- 
tent to which a problem is overdetermined, and for this case is 
given by the number of independent pieces of experimental infor- 
mation plus 1, reduced by the number of adjustable parameters: 

NDF= i WY+ i WY+ 2 WQ+ i W; 
i=l i= I i= I i= I 

+ I- (3+N). (36) 
A consequence of the choice to optimize all $’ is that a data 
point consisting of only a single transport coefficient (say, ai 
alone, for example) will not contribute to the number of degrees 
of freedom or to the value of y. This point will be further dis- 
cussed in sec. VII. 

Experimental data were taken from several sources, which 
are summarized in Table II. The data cover a composition range 
from pure silicon to S&,63Ge,,37, carrier densities from 10” to 
3 X lb’, temperatures from 300 to 1300 K, and represents 15 1 
independent measurements of transport coefficients with 90 de- 
grees of freedom, for the determination of 61 adjustable param- 
eters, 58 of which represent chemical potential values. In other 
words, the database represented in Table II contains 90 indepen- 
dent pieces of experimental information above and beyond the 
minimum number required to determine the 61 adjustable pa- 
rameters. All of the data used in this study were determined on 
single-crystal or zone-leveled materials, with the exception of 
two hot-pressed SiGe/GaP samples which had large grains after 
extensive annealing at high temperatures.‘4 

VI. RESULTS 

A single least-squares fit simultaneously applied to all of the 
data described in Table II resulted in the values m f = 1.4&z,, 
E, = 2.938 eV, and E* = 27.4 with a root-mean-square devi- 
ation between the calculated and observed values of 
JK = 0.15or about 15%. Comparisons between the ob- 

TABLE II. Experimental data on SiGe alloys. 

Number Doping Temperature 
of Composition range range Data 

samples range (lOI cm-‘) (K) available 

3” 0.0 1.2-10 300 f-W,9Qb 
1’ 0.0 30 300 cwmQb 
pc 0.15437 2-15 300-1300 GQ>K 
5d 0.243 a-22 300 w,,Q,K 
2’ 0.2 20 300-1273 u,Q 
3g 0.0-0.2 15 300-1273 GP,,K 

’ Reference 42. 
‘Reference 32. 
‘Reference 43. 
d Reference 2. 

‘Reference 44. 
‘Reference 14. 
gThis study. 

served and calculated values for the electrical resistivity, Hall 
mobility, Seebeck coefficient, and thermal resistivity values are 
shown as functions of temperature in Figs. l-3, respectively, for 
several representative samples of SiGe. 

The model indicates that the drop in the electrical resistiv- 
ity, Seebeck coefficient, and thermal resistivity at high tempera- 
tures for samples 68 and 41 is due to the intrinsic thermal excita- 
tion of holes. This is confirmed by the weak temperature 
dependence of the ionized donor density calculated for these 
samples, as shown in Fig. 4. At first sight, similar decreases in the 
electrical resistivity, Seebeck coefficient, and thermal resistivity 
for samples 162 and T373 might be attributed to intrinsic behav- 
ior also. But this model confirms that for these two very heavily 
doped samples, the ionized donor density is increased signifi- 
cantly at the highest temperatures, as was suggested previously’ 
for sample 162. 

Figure 5 shows a comparison between observed and calcu- 
lated values for the Hall mobility as a function of ionized donor 
density. All of the qualitative trends exhibited by the experimen- 
tal results are reproduced by the model, but the calculated Hall 
mobiities at the highest temperatures are as much as 37% high- 
er than the observed values. The model also tends to overesti- 
mate the Seebeck coefficient values at low temperatures, by as 
much as 25% in the worst cases. 

Figure 6 shows calculated values for the lattice thermal con- 
ductivity which decreases with increasing temperature and with 
increasing ionized donor density, as expected. Figure 7 shows 
the electronic thermal conductivity, the lattice thermal conduc- 
tivity, and the total thermal conductivity as a function of doping 
level for n-type S(,80G%,20 at 1300 K. The increase in K, as the 
doping level decreases below 102’ cm - 3 is due to the ambipolar 
contribution [third term in Eq. ( 19) 1. 

Figure 8 shows calculated values for the thermoelectric fig- 

I . I t I . I ’ 

n-Type SiGe 

40 

30 7 
0 
I 

2 20 v 
Q 

FIG. 1. The electrical resistivity as a function of temperature for five samples of 
n-type SiGe. The points represent experimental results, and the solid lines repro- 
sent the model. 
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1 t . T373 

!_ ,y*TsJ-; 

n  

1009, ' ' ' s  ' ' ' * 
300 500 700 900 1100 1300 

T(K) 
FIG. 2. The Seebeck coefficient as a function of temperature for five samples of n- 
type SiGe. The points represent experimental results, and the solid lines repre- 
sent the model. 

ure of merit, ZT, and the highest experimental values (sample 
T373) used in this study. Again, the model is in reasonable 
agreement with the experimental results and suggests that sam- 
ple T373 has a figure of merit near the optimum value. 

VII. DlSCU!3!3lON 
The model presented provides a good description of the 

transport properties of heavily doped, n-type SiGe alloys. On 
average, the model can calculate any of the 15 1 independent, 

, 

25 

24 

23 

Q22 

& 21 

.y 20 

219 

Y la 
>17 

16 

z-----J 
300 500 700 900 1100 1300 

T(K) 
FIG. 3. The thermal resistivity as a function oftemperature for three samples of FIG. 5. The Hall mobility as a function of the ionized donor density for n-type 
n-type SiGe. The points represent experimental results, and the solid lines repre- SiGe. The points represent experimental results, and the solid lines represent the 
sent the model. model. 

- M  

’ $J 
x 

c 02  
L 1  I 

it 
J 

v 
l T373y L  

0 0 162 
$0’9 : 

cl 

-0 
*! !/ ! ‘i/ 

- 

1o18 0 ’ ’ a ’ . ’ . 
300 500 700 900 1100 1300 

T  (K) 

FIG. 4. The ionized donor density as a function of temperature for five samples 
ofn-type SiGe. The points represent experimental results ( l/eR,),and the solid 
lines represent the model. 

measured transport coefficients to within about -+_ 15%. Con- 
versely, given a sample of known composition and doping level, 
the model can simultaneously and self-consistently predict all of 
the important transport coefficients with reasonable confidence. 
Variations of each of the transport properties with composition, 
doping level, and temperature are reproduced by the model with 
reasonable accuracy and a minimum of adjustable parameters. 
As an interpolation tool, as a starting point for understanding 
more complex situations, and as a framework for guiding future 

n-Type Sio.aGeo 2  

40 

30 

20 

10 

. 300 K 
A 550 K 
. 800 K 
l 1050 K 

1050 K 

k--------y 
0’ I 
10’9 1020 

Ionized Donor  Density (crnS3) 
102’ 
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60 I 

30 

25 1 I I 
10’9 1020 -3 102' 

Ionized Donor Density (cm ) 

FIG. 6. The calculated lattice thermal conductivity as a function of ionized do- 
nor density and temperature for n-type Sic *Gee2. 

experiments, the present model is expected to be quite useful. 
Nevertheless, the model is in many respects oversimplified, and 
extrapolation beyond the limits constrained by experimental 
data could be unreliable. 

Before discussing the reliability of the results of this work, 
two related points will be discussed: the need to allow the chemi- 

70 7” 
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V 
Y 20 

10 

0 

n-Type Si, 8Ge, 2 
1300 I? * / 

K,+ou 

! 

\ K,lattice 

K,electronic 

I 

10’9 1020 -3 102’ 
Ionized Donor Density (cm ) 

FIG. 7. The electronic (including ambipolar) thermal conductivity, lattice ther- 
mal conductivity, and total thermal conductivity as a function of ionized donor 
density for S& $Ge,, at 1300 K. 

0.7 
I- 
N 0.6 

0.1 

. 1300 K 

0.0 ’ I 
10’9 1020 

Ionized Donor Density (cmB3,” 
21 

FIG. 8. The dimensionless thermoelectric figure of merit of “-type SiGe alloys as 
a function of ionized donor density. The three points represent experimental 
results on T373, a heavily annealed sample of SiGe/GaP. 

cal potential to be an adjustable parameter and effects neglected 
in this model. 

As noted above, a sign&ant simplification of the model 
would result if all data points corresponding to a single sample 
were assumed to have a single, unique doping level. In this case, 
only a single piece of experimental information per sample (such 
as a single Hall-coefficient measurement) would be required to 
tix the chemical potential values for a given scattering mecha- 
nism by using the charge balance condition [ Eq. ( 14) 1. This 
assumption would reduce the number of chemical potential val- 
ues which must be determined from the present case of one for 
each temperature at which a measurement has been performed 
to one for each sample which has been measured. 

Unfortunately, the instability toward dopant precipitation 
of heavily doped, n-type SiGe alloys was noted even among the 
earliest investigations of these materials.2’3 The precipitation of 
dopants from these supersaturated solutions has been well stud- 
ied23-25P45-47 and can occur at observable rates even during the 
normal course of characterization at high temperatures.* Ek- 
Strom and Dismukes,45 for example, reported an increase in the 
carrier concentration from about 7.5 X1019 cm- 3 to about 
12.5~10’~ cme3 in about 12 min at 600°C in an n-type SiGe 
sample. Shukla and Rowe4’ performed a more extensive study 
using high-temperature Hall-effect measurements which show 
that a 30% change in the carrier concentration in 60 min is not 
uncommon for these materials. That the number of dopants in 
solution depends not only on temperature, but also on the his- 
tory of the sample, is an experimental fact which must be ac- 
counted for in any description of the high-temperature proper- 
ties of these materials. 

Thus, the precipitation and resolution of dopants during 
high-temperature transport measurements, which may take 
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many hours or even a few days to perform, preclude the assump- 
tion of constant doping level in heavily doped materials ( n > lb0 
cm- ‘). A quite distinct effect may be observed in less heavily 
doped materials, where a small ( z 50 meV) 32 ionization energy 
means the dopants are not entirely ionized, as has been account- 
ed for in models of the mobility in silicon.29 It thus appear that 
there is at most only a very narrow range of doping levels for 
which the concentration of electrically active dopants, Nd, may 
be taken as constant. 

Unfortunately, as noted in Sec. V, the need to estimate the 
chemical potential for each data point means that a measure- 
ment ofasingle transport coefficient is irrelevant, since even with 
all other parameters tixed, variation of the chemical Potential 
alone will generally result in perfect agreement with the experi- 
mental values. This is to say that at least two transport coefli- 
cients must be known simultaneously, one of which will simply 
be “consumed” in the determination of the chemical potential. 

One could, as is often done, simply use the measured See- 
beck coefficient or Hall coefficient and simple expressions such 
as S = - (k,/e) (2 - v*)or R, = - l/eN, to estimate the 
doping level or chemical potential. This would seem to substan- 
tially reduce the number of adjustable parameters and is opera- 
tionally simple to perform. But these expressions are already 
approximations to Eqs. (5) and (6) which assume something 
about the scattering mechanisms and degree of degeneracy. 
Moreover, even this is a fitting procedure, although a trivial one. 

The minimization procedure [ Eq. (35) ] used in this study 
is not really greatly different from the simpler approach, only 
more systematic. Seebeck-coefficient data and Hall-coefficient 
data still influence the estimate for the chemical potential far 
more strongly than either electrical conductivity or thermal con- 
ductivity data, just as in the simpler approach, but in this case all 
of the available experimental information are treated on an equal 
footing. In any case, the weak temperature dependence of the 
doping levels shown in Fig. 4 is typical of n-type SiGe alloy~~‘~’ 
and is reasonably consistent with the mechanisms described 
above, suggesting the fitting procedure used is not entirely un- 
justified. 

While the major effects have been accounted for, as evi- 
denced by the reasonable agreement with experiment, systemat- 
ic errors in the Seebeck coefficient near room temperature and 
the mobility at high temperature certainly indicate that some 
significant effects have been neglected. Inclusion of any further 
effects would, due to the minimization procedure employed, 
produce better agreement with the data. For an indication of 
which effects should be incorporated into the model, some of the 
more important neglected effects will now be briefly discussed. 

The energy and temperature dependence of several impor- 
tant electron-scattering mechanisms are summarized in Table 
III. only the effects of intravalley scattering by acoustic phonons 
and scattering by ionized impurities have been included in this 
study. Calculations for the mobility of undoped silicon generally 
include optical-phonon scattering48 in order to account for the 
faster than T - 3’2dependence ofmobility in undoped silicon. To 
reproduce the composition dependence of the mobility of un- 
doped Si, -,Ge,, alloys, alloy disorder scattering has been con- 
sidered. Alloy disorder scattering has the same energy depend- 
ence as intravalley acoustic-phonon scattering, but yields a 
mobility proportional to T - I”. Neutral impurity scattering 

TABLE III. Approximate t and T dependencies for electron-scattering 
mechanisms. 

Scattering 
mechanism 

Temperature 
Energy dependence of 
dependence of 7 T P 

ll<mdegrn ‘kgen 
P 

Intravalley acoustic phonons E- t/2 T- ’ T - S/2 T - I 
Intervalley optical phonons e- 10 T-’ T-“/2 T-1 
Ionized impurities .e T” T l/2 TO 
Alloy disorder E 1/z To T 112 TO 
Neutral impurities P T” To To 

(due to incompletely ionized dopants) has also been consid- 
ered,29 and recent calculations indicate intervalley acoustic- 
phonon scattering may be more important than intravalley scat- 
tering.49 

Slack” has recently pointed out that even in silicon-rich 
alloys at sufficiently high doping levels, the four equivalent L- 
point conduction-band valleys will begin to be occupied. To ac- 
count for this effect, additional band-structure parameters 
(masses and energies) as well as scattering-rate parameters for 
the L-point valleys would be required. Other effects such as the 
possible variation of the band gap with doping leve129 and the 
inequivalence of the electron and hole parameters have also been 
neglected here. 

Phonon-drag effects, often large at low temperatures in sili- 
con5’ are generally reduced by alloying and increasing tempera- 
ture.” Erofeev, Iordanishvili, and Petrov3 argue that phonon- 
drag effects in the thermopower are not observed in 
silicon-germanium and concluded from this that electron- 
phonon scattering is not a major contributor to the phonon- 
scattering rate. The phonon-scattering model used here, essen- 
tially due to Steigmeier and Abeles, includes a signiticant 
electron-phonon contribution to phonon scattering, but neglects 
phonon-drag effects entirely. 

The distinct various contributions of transverse acoustic, 
longitudinak5’ and optical phonons54 to the lattice thermal con- 
ductivity have been discussed and can be signiticantly different 
from the present model. More accurate expressions for the elec- 
tron-phonon-scattering rate are available which account for 
many-valley band structures55 and effective-mass anisotropy. 
Also, departure of the high-temperature heat capacity of silicon 
and silicon-germanium from the simple Dulong-Petit value due 
to anharmonicity has not been reflected in the thermal conduc- 
tivity calculations in any way. 

Finally, we should point out the possibility that solutions to 
Boltzmann’s equation assumed in the derivations of the trans- 
port coefficients used here, and even the very applicability of 
Boltzmann’s equation itself, are in some question for both the 
electrons and phonons. Figure 9, for example, indicates that the 
electron mean free path at 1300 K is quite short, even less than 
the atomic size for a sign&ant number of low-energy electrons. 
It should be recalled here that the model somewhat ouerestimates 
the mobility at high temperatures, and so the actual electron 
mean free path is shorter still. 

The weighted-phonon mean free path is also only a few 
atomic diameters long, as shown in Fig. 10. Such small mean- 
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FIG. 9. Energydependent mean free path for electrons in n-type Si, ,Gq L at 
13COK. 

free-path values may be taken as a sign that perturbation theory 
expressions for the scattering rates should, at the least, be some- 
what suspect. Cutoff procedures to prevent phonon mean-free- 
path values from getting too short have been suggested54,57 
mostly retain the simplicity of the present lattice thermal con- 
ductivity calculations, yield good agreement with expetiment58 
and are physically reasonable, but do not directly address the 
breakdown of perturbation theory for very high scattering rates. 

The exceedingly small mean-free-path values that come 
from this analysis is a warning sign that the Boltzmann equation 
approach may not be reliable and some other, more powerful 
formalism altogether might be considered for analyzing these 
heavily doped semiconductor alloys. A self-consistent, tirst-prin- 
cipIes calculation using a formally more correct transport prop- 
erty calculation scheme (such as the Kubo formalism) for the 
coupled electron-phonon system appropriate to heavily doped 

12 1 I I 8 I 1 I I I 

g 6 1 k-Phonon + Point Defect 1 

aI 5 
E 4 

$3 
0’ 

SI 2 a 
1 

’ ’ ’ ’ ’ ’ ’ ’ ’ 
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

E/k0 

FIG. 10. Energy-dependent mean free path for phonons in n-type Sl, ,Ge, ~ at 
13CO K, weighted as for thermal conductivity calculations. 

semiconductor alloys would be a welcome contribution, but has 
not yet been performed. The qualitative variation of the trans- 
port properties with temperature, doping level, and/or composi- 
tion, however, is not expected to be qualitatively diierent from 
the present model. 

That the simplistic model adopted here fails in some 
ways is, therefore, not remarkable. Indeed, considering the 
neglected effects, the agreement with experiment is some- 
what remarkable. Moreover, the values of the adjustable pa- 
rameters determined in this study, Cm + ,E f ,E +- 1, should 
be regarded as “effective values,” since these parameters 
have been required to “absorb” so many effects not explicitly 
modeled. 

Comparison to literature values for the adjustable param- 
eters is of some interest, but complicated by use of different 
forms for relaxation times and different values for dependent 
parameters. The effective mass and deformation values deter- 
mined here are physically reasonable, but ditfer significantly 
from the values of Li and Thurber (who also used a different 
value for the speed of sound). This difference is highlighted by 
calculating the acoustic-phonon contribution to the conductivity 
mobility p,, which in the nondegenerate limit is given by 

2(2n-)“‘efi’dti I--. , 
pa = 3m5i2(k,T)3/2E2e * 

Table IV compares the parameters used and calculated values 
forpu, at 300 K in silicon. The much lower value for,uu, found in 
this study indicates that the model described here seriously un- 
derestimates the mobility of intrinsic materials, a natural result 
of the database which included only heavily doped materials 
(see Table II). 

A difficulty associated with the Brooks-Herring scat- 
tering rate for impurity scattering [ Eqs. (23)~( 25) ] is the 
uncertainty over the choice of the appropriate effective 
mass29 for nonspherical electron energy surfaces. Long59 
concluded that the Brooks-Herring ionized-impurity scat- 
tering rate was reliable only if the effective mass was taken as 
an adjustable parameter. The large value for the dielectric 
constant deduced here, e + = 27.4 compared to 11.7 used by 
Li and Thurber, similarly reflects the uncertainty in assign- 
ing values to the important parameters of the model. 

The generally close agreement between experiment and the 
model suggests that the major energy and temperature depend- 
encies of the scattering rates are modeled reasonably well. The 
electrical mobility, however, is underestimated for low doping 
levels (less than 1018) and overestimated at high temperatures 
( T> loo0 K). Also, the Seebeck coefficient is generally overesti- 
mated at low temperatures (300 K). These discrepancies indi- 
cate that the model is too simple in important respects. 

TABLE IV. Acoustic-phonon contribution to the conductivity mobility. 

m/m, 
EL v pu (3OOK) 
(ev) (cm/s) (cm*/V s) 

This study 1.40 2.938 5.88~ lo5 243 
Li and Thurber 0.30 12.8 9.2 x 10’ 1503 
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That the calculated mobility at high doping levels decreases 
at high temperature too slowly cannot be remedied by including 
any of the scattering rates discussed since the acoustic-phonon 
mobility decreases with temperature as fast or faster than any of 
the other mechanisms (see Table III). The calculated tempera- 
ture dependence could be increased by increasing the contribu- 
tion of acoustic scattering rate relative to the ionized-impurity 
scattering rate, but this would decrease the calculated mobility at 
low carrier density, exacerbating an already poor agreement 
with experiment. 

It seems unlikely, then, that including more scattering 
mechanisms will remove the major discrepancies between the 
model and experiment. Better agreement with experiment 
could, of course, be achieved if the parameters are allowed to 
vary with temperature and/or doping level. An alternative ap- 
proach is to assume that the carriers can be divided into two 
types: ( 1) electrons in the conduction band and (2) electrons in 
the impurity band. Each type of carrier would then have its own 
effective mass, deformation potential, and dielectric constant, 
and the additional flexibility can reproduce a much wider range 
of behavior. 

Support for this idea comes from consideration of the den- 
sity of impurity atoms. Gn the assumption that the carrier con- 
centrations calculated with Eqs. ( l), (9), and (14) are all in the 
conduction band, then Nd represents the number of ionized im- 
purities. The total density of impurity atoms, Ntot,,, is given by 

in this case and is shown in Fig. 11, calculated using 
“* = 1.4m,. The total donor density needed to achieve 

10" 10'8 10'9 lozo 102' 1:; 

Total Donor Density (cm ) 

FIG. 11. Ionized donor density as a function of total donor density, assuming 
that the impurity states are local&d 

Nd = 2X102°cm-3 is about Ntota, =2X16* cmm3, which is 
clearly an unphysical result. And a smaller effective-mass value 
only makes the total number of impurities needed to achieve a 
particular density of carriers in the conduction band even larger. 

The reason for this is that the impurity states are not local- 
ized, but have formed an itinerant impurity bandm (and/or 
merged with the conduction band), and at very high doping 
levels most of the carriers actually occupy states derived from the 
impurity bands. In this case, there is no reason why the param- 
eters describing transport in the impurity band should be the 
same as the parameters describing the conduction band. It may 
be possible, then, to extend the present model to low carrier 
concentrations ( n < 10’ * cm - 3, by incorporating an additional 
band with scattering parameters typical of the conduction band 
of lightly doped silicon, with the division of carrier densities 
between the two bands determined by Eq. (38). 

VIII. CONCLUSIONS 

The high-temperature transport properties of heavily 
doped, n-type silicon-germanium alloys are reasonably well de- 
scribed using conventional Boltzmann expressions for the trans- 
port coefficients. The principal value of the model is not in its 
rigor (which is imperfect ) or in its accuracy (which is good, but 
not astounding). The principal value of this model is that it 
provides a tool which reliably predicts all of the qualitative 
trends as functions of composition, doping level, and tempera- 
ture in a reasonably accurate and internally consistent manner. 
Gnly two scattering mechanisms (acoustic phonon and ionized 
acoustic scattering) are needed to describe the electrical trans- 
port, and only three scattering mechanisms (phonon-phonon, 
point defect, and electron-phonon scattering) are required to 
describe the phonon transport. The parameters describing the 
electrical transport, however, are significantly different from pa- 
rameters typical of lightly doped silicon and imply that the im- 
purity states are not locahzed, but form extended, nearly free 
electron states. It is suggested that this model, valid for high 
doping levels, can be reconciled with the observed properties at 
low doping densities by partitioning the carriers into lighter, 
conduction-band carriers and heavier, impurity-band carriers, 
with different parameters describing each band. 
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