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Comparison of solid-state thermionic refrigeration
with thermoelectric refrigeration
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A theoretical analysis of single-barrier thermionic emission cooling in semiconducting materials is
performed using Fermi–Dirac statistics. Both maximum cooling and coefficient of performance are
evaluated. It is shown that the performance of a thermionic refrigerator is governed by the same
materials factor as thermoelectric devices. For all known materials, single-barrier thermionic
refrigeration is less effective and less efficient than thermoelectric refrigeration. ©2001 American
Institute of Physics.@DOI: 10.1063/1.1380996#
a
t i
iz
er
w
r
ic

y
x

ra

io
si
rie
a
th
tie
th
rie

ni
th
st
vic
er
a

is-
o
-
se
rm
is

ns-
not
a

nd

ly
t is
This
the
rate
o-
a

the

lly
ma-

he

is
a-

y

rs
I. INTRODUCTION

The motivation to study solid-state thermionic refriger
tion has been the potential for substantial improvemen
room-temperature thermoelectric performance. The real
tion of more effective cooling and energy conversion in th
moelectrics requires the discovery of new materials. Ho
ever, it is possible that new types of devices may outperfo
thermoelectric devices in known materials. A thermion
emission cooler has been proposed to be such a device.1 It is
the purpose of this manuscript to develop a robust theor
solid-state thermionic refrigeration and to compare the ma
mum cooling and coefficient of performance~COP! of ther-
mionic refrigeration with standard thermoelectric refrige
tion.

Figure 1 shows a band diagram of a thermionic emiss
cooler with an applied bias. The emitter and collector con
of either metal or a heavily doped semiconductor. The bar
is made of a less heavily doped semiconductor and is m
thin enough so that electrons travel ballistically through
barrier layer. The principle of cooling is based on the Pel
effect. Electrons passing through the barrier layer from
emitter to the collector cause cooling at the emitter–bar
junction and heating at the barrier–collector junction.

There are two primary differences between a thermio
device and a thermoelectric device. Both differences are
result of ballistic transport through the barrier region. Fir
The electrical and heat currents through a thermionic de
are nonlinear with respect to both the voltage and temp
ture difference. Second, there is no joule heating in the b
rier layer of an ideal thermionic device.

A more rigorous theoretical model of thermionic em
sion cooling must be developed for several reasons. M
importantly, Shakouriet al. have recognized that the Boltz
mann approximation on which all current models are ba
does not accurately describe an optimally designed the
onic emission cooler.2 Second, it has been determined in th
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research that the correct parameter controlling carrier tra
port across semiconductor heterojunction interfaces has
been used in the modeling of thermoelectricity. Third,
model including the analysis of both maximum cooling a
coefficient of performance has not been developed.

II. THERMIONIC THEORY

Ideally, current in a thermionic device is governed on
by the heterojunctions on either side of the barrier layer. I
assumed that there is no band bending at the interfaces.
simplification is justified because, as it will be seen later,
necessary doping for thermionic refrigeration is degene
and thus the depletion widths will be small. Also, it is the
retically possible to engineer a flatband junction involving
quaternary material~such as InGaAs/InGaAsP! by adjusting
the chemical composition and the doping levels to match
work functions of the two materials.

Electrical current over a heterojunction barrier is usua
described by the Richardson equation. This is an approxi
tion equivalent to replacing Fermi–Dirac~FD! statistics with
Boltzmann statistics and is valid if the energy barrier to t
flow of electrons is sufficiently large (*3kT). The optimum
energy barrier for thermionic refrigeration lies outside th
region of validity.2 To consider all possible barriers, FD st
tistics are used in this model.

The general equations for electrical current densityJE

and heat current densityJQ over a heterojunction boundar
are3,4

JE5E
2`

` E
2`

` E
px

free

`

f ~p!g~p!qvxdpxdpydpz , ~1.1!

JQ5E
2`

` E
2`

` E
px

free

`

f ~p!g~p!@e~p!2e f #vxdpxdpydpz ,

~1.2!

where f (p) is the FD distribution function in momentum
space,g(p) is the density of states in momentum space,q is
the electron charge,vx is the electron velocity in thex direc-
tion, i.e., the direction of transport,e(p) is the electron ki-

ity,
5 © 2001 American Institute of Physics
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netic energy,e f is the Fermi energy measured from th
conduction-band edge of the emitting material, and the ra
of integration is over all momentum space for electrons w
a momentum in the direction perpendicular to the interfa
greater thanpx

free, the momentum necessary to surmount
barrier.

The solutions to the electrical and heat current densit
terms of FD integrals are

JE5A* T2F1~h!, ~1.3!

JQ5A* T2
kT

q
@2F2~h!2hF1~h!#. ~1.4!

The FD integrals,Fn(h), are defined in the Appendix.A* is
the effective Richardson constant and is defined as

A* 5
4pqm* k2

h3 . ~1.5!

T is the temperature at the heterojunction,k is the Boltzmann
constant,m* is the electron effective mass,h is Planck’s
constant, andh is defined as

h5
qmch

kT
5

e f2eC
barrier

kT
, ~1.6!

wheremch is a chemical potential as shown in Fig. 1, a
eC

barrier is the conduction-band edge of the barrier. If there
no band bending at the heterojunctions, thenh is equivalent
to the reduced Fermi energy of the barrier material.

A chemical potential in the barrier of a thermionic d
vice can only be defined when there is an equilibrium
distribution of electrons in the barrier. Because transp
through the barrier of a thermionic device is strictly ballist
the distribution will not be FD, and a chemical potent
cannot be defined in the barrier region. Thus, the varia
mch is strictly defined outside the barrier as in Eq.~1.6! and
in Fig. 1. However, because this corresponds to the chem
potential of the equivalent bulk barrier material,mch will be
referred to as the chemical potential andh will be referred to
as the reduced Fermi energy.

It is a crucial point that the chemical potential is respo
sible for determining the currents over a heterojunct
boundary. In the case of a metal–semiconductor heteroju
tion, the barrier height defined by Richardson5 is the same as
the chemical potential of the semiconductor if there is
band bending. However, it has been incorrectly assumed

FIG. 1. Band diagram of a thermionic emission cooler with an applied b
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for a semiconductor–semiconductor heterojunction bound
that the energy-band offset, and not the chemical poten
controls the currents.6,7

In 1979, Wu and Yang presented a detailed derivation
the electrical currents over a semiconductor heterojunc
interface.8 Their results included the effects of band bendi
at the interface and assumed the Richardson approxima
Their results agree with the result determined here: that
parameter controlling the flow of carriers is measured fr
the Fermi level of the emitting material.

In a thermionic refrigerator, two heterojunctions gove
the currents. An applied forward bias lowers the electr
energy on the collector side and suppresses current from
collector toward the emitter. The fundamental chargeq is
taken to be a positive value and the electrical current den
is positive for the flow of electrons from the emitter to th
collector. Thermal conduction through the lattice of the b
rier is also considered. The electrical and heat current de
ties leaving the emitter of a thermionic refrigerator for fo
ward bias are

JE5A* TC
2 F1~h!2A* TH

2 F1S h
TC

TH
2

qV

kTH
D , ~1.7!

JQ5A* TC
3 k

q
@2F2~h!2hF1~h!#2A* TH

3 k

q F2F2S h
TC

TH

2
qV

kTH
D2h

TC

TH
F1S h

TC

TH
2

qV

kTH
D G2

k l

d
DT, ~1.8!

whereTC is the temperature at the emitter–barrier juncti
~the cold side!, TH is the temperature at the barrier–collect
junction ~the hot side!, V is the applied voltage,k l is the
lattice thermal conductivity of the barrier material,d is the
width of the barrier, andDT5TH2TC . Energy balance has
been accounted for in Eqs.~1.7! and ~1.8!. In determining
Eqs. ~1.7! and ~1.8!, it has been assumed that the chemi
potential and the lattice thermal conductivity are independ
of the temperature.

From these two fundamental thermionic equations
maximum cooling and COP will be determined. To make
comparison with thermoelectrics, the figure of merit for
thermoelectric device must first be carefully examined.

III. THERMOELECTRIC FIGURE OF MERIT

Usually, the nondegenerate solution is sufficient to de
mine the figure of merit for thermoelectrics. However, sin
a careful comparison with thermionics, which uses FD s
tistics, is going to be made, it is profitable to use FD statis
for thermoelectrics as well.

The parameter characterizing thermoelectric perf
mance is the figure or meritZ, or the dimensionless figure o
merit ZT. The general equation forZT is

ZT5
sS2T

k l1ke
5

S2

k l

sT
1L

, ~2.1!

s.
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whereS is the Seebeck coefficient,s is the electrical con-
ductivity, ke is the electronic contribution to the thermal co
ductivity, andL is the Lorenz number defined as

L5
ke

sT
. ~2.2!

The three parameters,s, S, andL are determined using th
Boltzmann equation to describe electron transport thro
the thermoelectric device. To compare thermionic and th
moelectric results a correlation must be made between
assumptions made in each theory. This requires a discus
of scattering as it directly affects the three parameters
cussed above. The simplified model of electron scatte
used in thermoelectric theory is to assume that the relaxa
time can be expressed as

t5t0Er , ~2.3!

wheret0 is a constant,E is the energy of an electron, andr
is a scattering parameter. In the thermionic device, it
been assumed that all electrons travel through the ba
ballistically and are then scattered in the collector. If a ma
mum barrier width of one mean-free path is chosen,
mean-free path of all electrons must be independent of t
energy. The classical relationship between the mean-
pathl and the relaxation timet is

l5tv, ~2.4!

wherev is the average velocity of the electrons. Since
velocity will be proportional toE1/2, the mean-free path o
all electrons will be independent of their energy if the sc
tering parameterr is chosen to be21/2. This corresponds to
a scattering model in which acoustic phonon scattering
dominant.9

Using this scattering model, the thermoelectric para
eters that determineZT are10

S5
k

q S h22
F1~h!

F0~h! D , ~2.5!

L5
k2

q2 F6
F2~h!

F0~h!
24

F1~h!2

F0~h!2G , ~2.6!

s5
16&p

3
q2

Am*

h3 t0kTF0~h!. ~2.7!

The electrical conductivity can also be obtained using

s5nqm52qmS 2pm* kT

h2 D 3/2

F1/2~h!. ~2.8!

By equating both forms, the mobility at any doping can
defined in terms of the nondegenerate mobilitym0 and the
reduced Fermi energy:

m5m0

F0~h!

F1/2~h!
. ~2.9!

Utilizing this relationship the functional form of the electr
cal conductivity is

s52qm0S 2pm* kT

h2 D 3/2

F0~h!. ~2.10!
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With this definition of the electrical conductivity, the fina
term in the dimensionless figure of merit becomes

k l

sT
5

k2

q2 b21@F0~h!#21. ~2.11!

All of the material characteristics are contained inb, which
is called the materials parameter,11

b5
4pA2pk3.5

qh3 S m0~m* !1.5T2.5

k l
D . ~2.12!

Using Eqs.~2.5!, ~2.6!, and~2.11!, the figure of merit for
a thermoelectric device is determined by the materials
rameterb and the reduced Fermi energyh. This will be used
when thermionics are compared with thermoelectrics.

To show the importance of using Fermi–Dirac statist
consider Fig. 2, which shows the dimensionless figure
merit evaluated using FD statistics and using the nondeg
erate solution as a function of the reduced Fermi energy.
materials parameter used in this figure isb50.02, which
corresponds to the InGaAs material. The maximum is in
degenerate region where it is necessary to consider Fer
Dirac statistics. Though the nondegenerate solution fails
evaluate the optimum reduced Fermi energy accurately,
maximum figure of merit for both solutions is nearly th
same. Correspondence between the two solutions is also
as the reduced Fermi energy becomes more negative w
the Boltzmann approximation is valid.

IV. THERMIONIC MAXIMUM COOLING

Maximum cooling in a thermionic device occurs whe
the heat load is zero. If the device is driven to saturation~i.e.,
current densities are maximized and independent of app
bias!, then the heat current and electrical current are ma
mized. At saturation, an analytical solution for the tempe
ture difference is determined by setting Eq.~1.8! to zero:

DTmax5
d

k l
A* TC

2 kTC

q
@2F2~h!2hF1~h!#. ~3.1!

To determine an upper limit to the cooling, the barrier wid
is set to one mean-free path. Because transport is not t
ballistic at this width, it is certain that the cooling cannot
more than the results obtained with this choice. The me

FIG. 2. Comparison of the dimensionless figure of merit based on the B
zmann approximation~dashed! and on Fermi–Dirac statistics~solid!.



as
-

r i
n
b
r

n

of

d
d

o

re
ol

ice
tri
fe

th
-
e
e

f
-

c
tric

as
pti-
er-

de-
m

d is

to
n-
the
ta-
ra-

c-
ials
of
red
ro-
nd

er-
tric

1628 J. Appl. Phys., Vol. 90, No. 3, 1 August 2001 Ulrich, Barnes, and Vining
free pathl can be expressed in terms of the effective m
m* and the bulk mobilitym of electrons in the barrier mate
rial:

l5A2m* kTm/q. ~3.2!

Thus,

DTmax5
4p&~m* !1.5~kTC!3.5m/q

k lh
3 @2F2~h!2hF1~h!#.

~3.3!

A materials parameter for thermionic refrigeration is

bTI5
4p&k3.5

qh3 S m~m* !1.5

k l
TC

2.5D . ~3.4!

The maximum cooling in terms of this parameter is

DTmax5bTITC@2F2~h!2hF1~h!#. ~3.5!

The mobility used in the thermionic materials paramete
the degenerate mobility of the bulk barrier material. To e
sure that a careful comparison with thermoelectrics can
made, the degenerate mobility is related to the nondegene
mobility just as it is done for thermoelectrics using Eq.~2.9!.

The resulting relationship between the thermionic a
thermoelectric materials parameters is

bTI

b
5

1

Ap

F0~h!

F1/2~h!
. ~3.6!

With this, the maximum cooling can be written in terms
the thermoelectric materials parameter

DTmax5
1

Ap
b@2F2~h!2hF1~h!#

F0~h!

F1/2~h!
TC . ~3.7!

Thus, maximum cooling for a thermionic device depen
upon the same materials parameter as a thermoelectric
vice.

In a thermoelectric device, the dimensionless figure
merit is related to the maximum cooling according to

ZT52~DTmax/T!. ~3.8!

It is convenient to utilize this to determine an effective figu
of merit for a thermionic device operating at maximum co
ing:

ZTTI5
2

Ap
b@2F2~h!2hF1~h!#

F0~h!

F1/2~h!
. ~3.9!

Figure 3 compares the cooling for a thermionic dev
with an InGaAs barrier layer and an InGaAs thermoelec
device as a function of the reduced Fermi energy. The ef
tive mass raio of electrons in InGaAs ism* /m050.041.12

The nondegenerate mobility is taken to be 13 800 cm2/V s.13

It is assumed that the thermal conductivity corresponds to
bulk value of 0.05 W/cm K.14 This results in a materials pa
rameter for InGaAs ofb50.02. Figure 4 shows the sam
comparison for Bi2Te3. At room temperature the effectiv
mass ratio of electrons in Bi2Te3 is m* /m050.58, the mobil-
ity is 1200 cm2/V s, and the lattice thermal conductivity o
bulk material is 0.015 W/cm K.15 Thus, the materials param
s
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e

ate

d

s
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c
c-

e

eter for Bi2Te3 is b50.316. In both materials, thermioni
refrigeration does not perform as well as the thermoelec
refrigeration.

To make a comparison of the effective figures of merit
a function of the materials parameter, both must be o
mized with respect to the reduced Fermi energy. For a th
moelectric device, the optimum reduced Fermi energy is
termined numerically. For a thermionic device, the optimu
reduced Fermi energy is independent of the material an
found by maximizing the function

@2F2~h!2hF1~h!#
F0~h!

F1/2~h!
. ~3.10!

The optimum reduced Fermi energy is found numerically
be hopt51.27. This optimum corresponds to the Fermi e
ergy residing 1.27 times the thermal energy above
conduction-band edge of the barrier confirming that FD s
tistics are necessary for the analysis of thermionic refrige
tion.

Figure 5 plots the maximum figures of merit as a fun
tion of the materials parameter. The range of the mater
parameter is from 0 to 0.5. This spans the full range
known materials and further so that possible undiscove
materials may also be considered. Two lines are also p
vided to show the materials parameters for InGaAs a
Bi2Te3. For the full range of materials considered, the th
mionic device does not perform as well as the thermoelec
device.

FIG. 3. Comparison of the thermionic effective figure of merit~solid! and
thermoelectric figure of merit~dashed! for InGaAs at room temperature.

FIG. 4. Comparison of the thermionic effective figure of merit~solid! and
thermoelectric figure of merit~dashed! for Bi2Te3 at room temperature.
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V. THERMIONIC COEFFICIENT OF PERFORMANCE

The COP is the ratio of the heat removed from the c
side~the emitter! to the electrical power input to the devic

COP5
JQ

JEV
. ~4.1!

This is not optimized at saturation of the currents so
complete solutions for the current densities found in E
~1.7! and ~1.8! must be considered. To clarify the comple
equation, two dimensionless functions,fe andfq, are defined
to represent the normalized electrical and heat current de
ties due to electrons:

JE5A* TC
2 f e~h,V,TC ,DT!. ~4.2!

and

JQ5
k

q
A* TC

3 f q~h,V,TC ,DT!2
k l

d
DT. ~4.3!

Again, taking the width of the barrier to be equal to t
electron mean-free path, the COP is

COP5
kTC

qV

f q~h,V,TC ,DT!2
qh3k l

4p&~m* !1.5k3.5TC
2.5h

DT

TC

f e~h,V,TC ,DT!
.

~4.4!

FIG. 5. Maximum effective figure of merit for a thermionic~solid! and the
maximum figure of merit of a thermoelectric~dashed! as a function of the
materials parameter.

FIG. 6. Coefficient of performance for a thermionic device with an InGa
barrier ~solid! and an InGaAs thermoelectric device~dashed! at room tem-
perature and a temperature difference ofDT52 K as a function of the
reduced Fermi energy.
d

e
.

si-

This can also be written in terms of the thermoelectric m
terials parameter,

COP5
kTC

qV

f q~h,V,TC ,DT!2
Ap

b

DT

TC

F1/2~h!

F0~h!

f e~h,V,TC ,DT!
. ~4.5!

Thus, the COP is also dependent upon the same mate
parameter as for a thermoelectric device.

The analysis of the COP is done by numerically optim
ing the voltage and by assuming a temperature differenc
DT52 K. A temperature difference ofDT52 K is chosen so
that the COP is greater than zero for nearly all values of
materials parameter. Figure 6 shows the maximum COP f
thermionic device and a thermoelectric device using InGa
as a function of the reduced Fermi energy at room temp
ture for a temperature difference ofDT52 K. Figure 7
shows the same comparison for Bi2Te3. For both materials,
the thermoelectric performs better.

Figure 8 shows the maximized COP for both a therm
onic and thermoelectric as a function of the materials para
eter ranging from 0 to 0.5. The thermoelectric device is m
efficient than the thermionic device in all known and u
known materials.

FIG. 7. Coefficient of performance for a thermionic device with a Bi2Te3

barrier~solid! and a Bi2Te3 thermoelectric device~dashed! at room tempera-
ture and a temperature difference ofDT52 K as a function of the reduced
Fermi energy.

FIG. 8. Coefficient of performance for a thermionic device~solid! and a
thermoelectric device~dashed! at room temperature and a temperature d
ference ofDT52 K as a function of the materials parameter.
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VI. DISCUSSION AND CONCLUSIONS

In 1999, Vining and Mahan determined a materials p
rameters for thermionics in the Boltzmann regime and in
linear limit.16 Their result for the ratio of the thermionic ma
terials parameterbTI to thermoelectric materials parameterb
is

bTI

b
5

d

lAp
, ~5.1!

thus concluding that the thermoelectric device always p
forms better than a thermionic device as the barrier widtd
cannot be larger than one mean-free pathl. In the model
presented in this article, the relationship between the ma
als parameters@Eq. ~3.6!# is determined using Fermi–Dira
statistics and apart from linearization. In this model, the b
rier width d has been taken to be exactly one mean-free p
and the factor ofp is also present. In the Boltzmann regim
all orders of the Fermi–Dirac integrals reduce to an ex
nential and the ratio in Eq.~3.6! becomes unity. Thus, thes
results agree exactly with those obtained by Vining and M
han.

A comparison of vacuum thermionic emission refrige
tion and thermoelectric refrigeration for projected devic
has been provided by Nolas and Goldsmid.17 Their results
show that a vacuum thermionic refrigerator with an electro
having a work function off50.3 eV would be superior to
thermoelectric refrigeration in a material with a dimensio
less figure of merit ofZT54. This is due to the superio
transport properties of a vacuum~for example, an effective
mass ratio ofm* /m051! and that the transport of heat to th
cold junction due to radiation is less than that due to a latt
Room-temperature refrigeration in thermionic emission
vices cannot be accomplished with today’s technology
solid-state thermionic refrigeration is a valid consideratio
Interestingly, though, when a material replaces the vacu
thermionic refrigeration is limited by exactly the same ma
rials parameter that is found in thermoelectric refrigeratio

We have shown in this article that a solid-state therm
onic device and thermoelectric device depend upon the s
materials parameter though they do not depend upon
parameter in the same way. A similar result was also
tained by Shakouri using a less complex model for maxim
cooling.18 This result should be expected. The same phys
phenomena that cause cooling in a thermoelectric de
cause cooling in a thermionic device. The only differenc
between a thermionic and thermoelectric is that the ther
onic device lacks joule heat and is nonlinear. These m
affect the cooling and efficiency, but should not affect t
relationship between the characteristics of the material u
in the device.

Assumptions that are similar to those made in stand
thermoelectric theory have been made in this model also
has been assumed that certain material parameters of the
rier material are independent of temperature: the lattice t
mal conductivity, the mobility, and the chemical potenti
The difference between this and thermoelectrics is tha
thermoelectrics it is assumed that the Seebeck coeffic
~proportional to 22h! is independent of temperature. This
-
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similar, but not quite the same as assuming that the chem
potential is independent of temperature ash5qmch/kT.

There are other assumptions and simplifications t
have been made in this model. It has been assumed that
is no quantum reflection at the heterojunctions. It has a
been assumed that all electrons that enter the barrier re
will traverse the barrier and do so without scattering. All
these are overestimations and thus provide an upper boun
the cooling ability of an ideal, single-barrier, solid-state th
mionic device.

Thus, for all known materials, thermoelectric refriger
tion is more effective and efficient than single-barrier sol
state thermionic refrigeration.

APPENDIX

The Fermi–Dirac integral of ordern is defined as

Fn~h!5
1

G~n11!
E

0

` ende

exp~e2h!11
. ~A1!

FD integrals are actually a part of the family of function
called the polylogarithms. The polylogarithm can be defin
in the following form:19

Lin~z!5
1

G~n!
E

0

` en21de

z21 exp~e!21
, Ren.0. ~A2!

The general relationship between the FD integrals and
polylogarithms is

Fn~h!52Lin11@2exp~h!#. ~A3!

The polylogarithms are highly useful for solving FD inte
grals because they are built into standard mathematical p
ages such asMATHEMATICA 20 and MAPLE.21 Such packages
provide extremely fast and efficient calculation of the po
logarithms to any prescribed accuracy. The calculations
this research were accomplished usingMATHEMATICA .

Other authors, such as Reser22 and Lee23–25 have also
noted the usefulness of polylogarithms in calculating FD
tegrals.
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