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Comparison of solid-state thermionic refrigeration
with thermoelectric refrigeration
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A theoretical analysis of single-barrier thermionic emission cooling in semiconducting materials is
performed using Fermi—Dirac statistics. Both maximum cooling and coefficient of performance are
evaluated. It is shown that the performance of a thermionic refrigerator is governed by the same
materials factor as thermoelectric devices. For all known materials, single-barrier thermionic
refrigeration is less effective and less efficient than thermoelectric refrigeratior200@ American
Institute of Physics.[DOI: 10.1063/1.1380996

I. INTRODUCTION research that the correct parameter controlling carrier trans-

h L i hermionic refri port across semiconductor heterojunction interfaces has not
The motivation to study solid-state thermionic refrigera- poony ysed in the modeling of thermoelectricity. Third, a

tion has been the potential for substantial improvement inmodel including the analysis of both maximum cooling and
room-temperature thermoelectric performance. The realiza&oefficient of performance has not been developed
tion of more effective cooling and energy conversion in ther- '

moelectrics requires the discovery of new materials. How-
ever, it is possible that new types of devices may outperfornlnl' THERMIONIC THEORY
thermoelectric devices in known materials. A thermionic  Ideally, current in a thermionic device is governed only
emission cooler has been proposed to be such a déliiée. by the heterojunctions on either side of the barrier layer. It is
the purpose of this manuscript to develop a robust theory chssumed that there is no band bending at the interfaces. This
solid-state thermionic refrigeration and to compare the maxisimplification is justified because, as it will be seen later, the
mum cooling and coefficient of performan@@0P of ther-  necessary doping for thermionic refrigeration is degenerate
mionic refrigeration with standard thermoelectric refrigera-and thus the depletion widths will be small. Also, it is theo-
tion. retically possible to engineer a flatband junction involving a
Figure 1 shows a band diagram of a thermionic emissiomuaternary materialsuch as InGaAs/InGaAsmy adjusting
cooler with an applied bias. The emitter and collector consisthe chemical composition and the doping levels to match the
of either metal or a heavily doped semiconductor. The barriework functions of the two materials.
is made of a less heavily doped semiconductor and is made Electrical current over a heterojunction barrier is usually
thin enough so that electrons travel ballistically through thedescribed by the Richardson equation. This is an approxima-
barrier layer. The principle of cooling is based on the Peltiettion equivalent to replacing Fermi—DirdED) statistics with
effect. Electrons passing through the barrier layer from théBoltzmann statistics and is valid if the energy barrier to the
emitter to the collector cause cooling at the emitter—barrieflow of electrons is sufficiently larget3kT). The optimum
junction and heating at the barrier—collector junction. energy barrier for thermionic refrigeration lies outside this
There are two primary differences between a thermioniaegion of validity? To consider all possible barriers, FD sta-
device and a thermoelectric device. Both differences are thestics are used in this model.
result of ballistic transport through the barrier region. First,  The general equations for electrical current dendity
The electrical and heat currents through a thermionic devicand heat current density, over a heterojunction boundary
are nonlinear with respect to both the voltage and temperaare®*
ture difference. Second, there is no joule heating in the bar- e
rier layer of an ideal thermlqnlc device. o _ JE:f f fﬁee f(p)g(p)qu,dp,dp,dp,, (1.1
A more rigorous theoretical model of thermionic emis- —oJ —oJpy
sion cooling must be developed for several reasons. Most o e e
importantly, Shakpuret al. hgve recognized that the Boltz- Jo= f, f, fﬂee f(p)g(p)[e(p) — efluxdp,dpydp,,
mann approximation on which all current models are based o) = py
does not accurately describe an optimally designed thermi- 1.2
onic emission cooler.Second, it has been determined in thiswhere f(p) is the FD distribution function in momentum
spaceg(p) is the density of states in momentum spagés
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for a semiconductor—semiconductor heterojunction boundary
that the energy-band offset, and not the chemical potential,
controls the currentd’

In 1979, Wu and Yang presented a detailed derivation of
the electrical currents over a semiconductor heterojunction
interface® Their results included the effects of band bending
at the interface and assumed the Richardson approximation.
Their results agree with the result determined here: that the
parameter controlling the flow of carriers is measured from
the Fermi level of the emitting material.

In a thermionic refrigerator, two heterojunctions govern
FIG. 1. Band diagram of a thermionic emission cooler with an applied biasthe currents. An applied forward bias lowers the electron

energy on the collector side and suppresses current from the
collector toward the emitter. The fundamental chacges
netic energy,e; is the Fermi energy measured from the taken to be a positive value and the electrical current density

conduction-band edge of the emitting material, and the rangi§ Positive for the flow of electrons from the emitter to the
of integration is over all momentum space for electrons withcollector. Thermal conduction through the lattice of the bar-
a momentum in the direction perpendicular to the interfacdier is also considered. The electrical and heat current densi-

emitter <© collector

St
]
=
=)
<

barrier. ward bias are

The solutions to the electrical and heat current density in T qv

i C

terms of FD integrals are Je=A* T(Z;}'l( 7) — A* Tﬁﬂ( ng— F) 1.7)

Je=A*T?Fy(7), (1.3 S

kT — A*xT3 k * T3 k TC

JQ=A*T2F[2B( ) — nFi(n)]. (1.4) Jo=A Tca[Zfz( )= nFi(n)]-A THa 2F, T
The FD integralsF,,( %), are defined in the AppendiA* is _avy) Tc Te avi| KT 1.9
the effective Richardson constant and is defined as kTa) 7T N 7T, kT, d™ "’ '

* Amqm*k? (1.5 where T is the temperature at the emitter—barrier junction
(the cold sidg Ty is the temperature at the barrier—collector

T is the temperature at the heterojunctikiis the Boltzmann ~ junction (the hot sidg, V is the applied voltagey, is the
Constant,m* is the electron effective masb, is Planck’s lattice thermal ConductiVity of the barrier materidLiS the
constant, andy is defined as width of the barrier, and T=Ty— T . Energy balance has
been accounted for in Eq§l.7) and (1.8). In determining
Egs.(1.7) and (1.8), it has been assumed that the chemical
potential and the lattice thermal conductivity are independent
of the temperature.

From these two fundamental thermionic equations the
maximum cooling and COP will be determined. To make a
comparison with thermoelectrics, the figure of merit for a

thermoelectric device must first be carefully examined.

barrier
_ Quen €1~ €c

KRS S B

(1.6

where u¢, is a chemical potential as shown in Fig. 1, and
€X' s the conduction-band edge of the barrier. If there is
no band bending at the heterojunctions, theis equivalent

to the reduced Fermi energy of the barrier material.

A chemical potential in the barrier of a thermionic de-
vice can only be defined when there is an equilibrium FD
distribution of electrons in the barrier. Because transport
through the barrier of a thermionic device is strictly ballistic, Ill. THERMOELECTRIC FIGURE OF MERIT
the distribution will not be FD, and a chemical potential o o
cannot be defined in the barrier region. Thus, the variable ~Usually, the nondegenerate solution is sufficient to deter-
wen is strictly defined outside the barrier as in Ef.6) and ~ Mine the figure of merit _for therm_oel_ectrlcs._ However, since
in Fig. 1. However, because this corresponds to the chemic& careful comparison with thermionics, which uses FD sta-
potential of the equivalent bulk barrier materialy, will be tistics, is going to be made, it is profitable to use FD statistics

referred to as the chemical potential anavill be referred to ~ for thermoelectrics as well. _
as the reduced Fermi energy. The parameter characterizing thermoelectric perfor-

Itis a crucial point that the chemical potential is respon-mance is the figure or mei, or the dimensionless figure of
sible for determining the currents over a heterojunctionMeritZT. The general equation f&T is
boundary. In the case of a metal-semiconductor heterojunc- 2 2
tion, the barrier height defined by Richard3imthe same as 77— oST _ S 2.1)
the chemical potential of the semiconductor if there is no K|t Ke ﬁ+|_,
band bending. However, it has been incorrectly assumed that oT
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where S is the Seebeck coefficiens; is the electrical con- 0.08
ductivity, . is the electronic contribution to the thermal con- 0.07
ductivity, andL is the Lorenz number defined as 0.06
Ke § 0.05
= ST 2.2 T 004
. . 5003
The three parameters, S, andL are determined using the 002k
Boltzmann equation to describe electron transport through N
the thermoelectric device. To compare thermionic and ther- ] InGaAs . o
moelectric results a correlation must be made between the ‘ 2 T 0 1 2
assumptions made in each theory. This requires a discussion reduced Fermi energy, 1

of scattering as It dwe_ctly_gffects the three parameters c?ISIEIG. 2. Comparison of the dimensionless figure of merit based on the Bolt-
cussed above. The simplified model of electron scatteringmann approximatiotdashed and on Fermi—Dirac statistigsolid).

used in thermoelectric theory is to assume that the relaxation

time can be expressed as

=74E", 2.3 With this definition of the electrical conductivity, the final

] ) term in the dimensionless figure of merit becomes
where 7y is a constantE is the energy of an electron, and

is a scattering parameter. In the thermionic device, it has ﬂ:k_zlg_l[]__( )t 2.19)
been assumed that all electrons travel through the barrier oT @° ot 7 ' '

q
ballistically and are then scattered in the collector. If a maxi-AII of the material characteristics are containeddnwhich
mum barrier width of one mean-free path is chosen, thei\

. s called the materials parametér,
mean-free path of all electrons must be independent of their P

energy. The classical relationship between the mean-free A2k [ po(m*)1=T25
path\ and the relaxation time is = qn? p . (2.12
A=1v, (2.9 Using Egs(2.5), (2.6), and(2.11), the figure of merit for

whereuv is the average velocity of the electrons. Since the? thermoelectric device is determined by the materials pa-
velocity will be proportional toEY?, the mean-free path of rameterg anq the reduced Fermi ener@yTh|s will be_ used
all electrons will be independent of their energy if the scat-when therm|on|C§ are compared Wlth thermoelgctncs. o
tering parameter is chosen to be-1/2. This corresponds to To show the importance of using Fermi—Dirac statistics
a scattering model in which acoustic phonon scattering i€onsider Fig. 2, which shows the dimensionless figure of
dominant® merit evaluated using FD statistics and using the nondegen-
Using this scattering model, the thermoelectric param_erate _solut|on as a function _of th_e re_duced Fermi energy. The
eters that determinT are'° materials parameter used in this figure 4s=0.02, which
corresponds to the InGaAs material. The maximum is in the

S E( B Fi(n) 2.5 degenerate region where it is necessary to consider Fermi—
q K Folm))’ ' Dirac statistics. Though the nondegenerate solution fails to
) ) evaluate the optimum reduced Fermi energy accurately, the
L:k—[ Falm)  Fa(m) } (2.6 Maximum figure of merit for both solutions is nearly the
a°| " Fo(m)  Fo(n)?| ' same. Correspondence between the two solutions is also seen
as the reduced Fermi energy becomes more negative where
o= 16‘?”ng 7ok TFo( 7). 2.7) the Boltzmann approximation is valid.

The electrical conductivity can also be obtained using

2am* kT
o=NOu=20u| —pz—

IV. THERMIONIC MAXIMUM COOLING
32

Fud 1). (2.9 Maximum cooling in a thermionic device occurs when
the heat load is zero. If the device is driven to saturati@n,

By equating both forms, the mobility at any doping can becurrent densities are maximized and independent of applied

defined in terms of the nondegenerate mobility and the  bias, then the heat current and electrical current are maxi-

reduced Fermi energy: mized. At saturation, an analytical solution for the tempera-
Fi(n) ture difference is determined by setting Ef.8) to zero:
— 2.9 d kT
KR F ) 29 AT AT C12F() = i) (3.1
Utilizing this relationship the functional form of the electri- . ' o ) ) )
cal conductivity is To determine an upper limit to the cooling, the barrier width
. oo is s'et.to one mgan-frgg path. Because transport is not truly
o=2q 2mm*kT Fo( ) 2.10 ballistic at this width, it is certain that the cooling cannot be
Ko h? a7 ' more than the results obtained with this choice. The mean-
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free path\ can be expressed in terms of the effective mass 0.08¢ y T T-— =2 3
m* and the bulk mobilityu of electrons in the barrier mate- 0.07F InGaAs i S~ 3
rial: 0.06 E s E
M i
A=2m*KkTu/q. (3.2 g o
T 0.04F
< E
Thus, 5 0.03f
2
4mv2(m*) M (kTe)%ulq 0.02f
AT nax= K|h3 [2F5(n)— nFi(n)]. 0.01f ]
(33) L -|2 ._.1....0 i...‘-z
A materials parameter for thermionic refrigeration is reduced Fermi energy, n
4mv2K3S [ w(m*)1s 5 FIG. 3. Comparison of the thermionic effective figure of mésinlid) and
Bri= qh3 TC'S . (3.9 thermoelectric figure of meritdashed for InGaAs at room temperature.
K

The maximum cooling in terms of this parameter is

AT a= BT 2Fo(7) — nFu(m)]. (3.5  eter for BpTe; is $=0.316. In both materials, thermionic

- . o ) _refrigeration does not perform as well as the thermoelectric
The mobility used in the thermionic materials parameter isefrigeration.

the degenerate mobility of the bulk barrier material. To en-  Tg make a comparison of the effective figures of merit as
sure that a careful comparison with thermoelectrics can bg function of the materials parameter, both must be opti-
made, the degenerate mobility is related to the nondegeneratgized with respect to the reduced Fermi energy. For a ther-
mobility just as it is done for thermoelectrics using E2.9).  moelectric device, the optimum reduced Fermi energy is de-

The resulting relationship between the thermionic ancermined numerically. For a thermionic device, the optimum
thermoelectric materials parameters is reduced Fermi energy is independent of the material and is
found by maximizing the function

B 1 Fo(n)
B m Fdn) 0 Fo()
[2F2(7)— nFi(n)] Fud 1) (3.10
With this, the maximum cooling can be written in terms of ) ) ) ]
the thermoelectric materials parameter The optimum reduced Fermi energy is found numerically to
be nep=1.27. This optimum corresponds to the Fermi en-
1 Foln) ergy residing 1.27 times the thermal energy above the

ATmax= \/;'8[27:2(7’)_ nFa(n)] Fud 1) Te. 37 conduction-band edge of the barrier confirming that FD sta-

tistics are necessary for the analysis of thermionic refrigera-
Thus, maximum cooling for a thermionic device dependstion.

upon the same materials parameter as a thermoelectric de- Figure 5 plots the maximum figures of merit as a func-

vice. tion of the materials parameter. The range of the materials
In a thermoelectric device, the dimensionless figure ofparameter is from 0 to 0.5. This spans the full range of
merit is related to the maximum cooling according to known materials and further so that possible undiscovered
ZT=2(AT, 0l T). (3.9 materials may also be considered. Two lines are also pro-

vided to show the materials parameters for InGaAs and
It is convenient to utilize this to determine an effective figureBi,Te;. For the full range of materials considered, the ther-
of merit for a thermionic device operating at maximum cool-mionic device does not perform as well as the thermoelectric
ing: device.

ZT =iﬂ[2f(7l)—777: (77)]M 3.9
" 2 ' FuAn) ' 1 —————r e
Figure 3 compares the cooling for a thermionic device
with an InGaAs barrier layer and an InGaAs thermoelectric
device as a function of the reduced Fermi energy. The effec-
tive mass raio of electrons in InGaAs is*/my=0.041%2
The nondegenerate mobility is taken to be 13 806/¢ra.®
It is assumed that the thermal conductivity corresponds to the
bulk value of 0.05 W/cm K4 This results in a materials pa-
rameter for InGaAs of3=0.02. Figure 4 shows the same . L ]
comparison for BiTe;. At room temperature the effective -2 -1 0 1 2
mass ratio of electrons in Bie; is m*/my,=0.58, the mobil- reduced Fermi energy,
ity is 1200 cnf/V's, and the lattice thermal conductivity of gig. 4. Comparison of the thermionic effective figure of mésitlid) and
bulk material is 0.015 W/cm K® Thus, the materials param- thermoelectric figure of meridashed for Bi,Te; at room temperature.

ZT at 300K
o o o
N [=% o0

o
o
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FIG. 5. Maximum effective figure of merit for a thermionisolid) and the
maximum figure of merit of a thermoelectridashed as a function of the
materials parameter.

FIG. 7. Coefficient of performance for a thermionic device with aTBj
barrier(solid) and a BjTe; thermoelectric devicédasheg at room tempera-
ture and a temperature difference®T=2 K as a function of the reduced
Fermi energy.

V. THERMIONIC COEFFICIENT OF PERFORMANCE

The COP is the ratio of the heat removed from the COIdThis can also be written in terms of the thermoelectric ma-
side (the emittef to the electrical power input to the device: , .
terials parameter,

Jo
COP= —. 4.1 Vi AT Fipl )
JeV KTe fq(7,V,Tc,AT)— B Te Foln)
This is not optimized at saturation of the currents so the COP=q—V fe(nV.To.AT) . (4.5

complete solutions for the current densities found in Egs.
(1.7) and (1.8) must be considered. To clarify the complex Thus, the COP is also dependent upon the same materials
equation, two dimensionless functioris andfg, are defined parameter as for a thermoelectric device.

to represent the normalized electrical and heat current densi- The analysis of the COP is done by numerically optimiz-

ties due to electrons: ing the voltage and by assuming a temperature difference of
AT=2 K. Atemperature difference &T=2 K is chosen so
Je=A*T2fe(7,V,Tc,AT). 4.2 ,
E cfe(n ¢ ) “.2 that the COP is greater than zero for nearly all values of the
and materials parameter. Figure 6 shows the maximum COP for a
K « thermionic device and a thermoelectric device using InGaAs
JQ=aA*T?;fQ(77,V,Tc AT)— ElAT' (4.3  as a function of the reduced Fermi energy at room tempera-

ture for a temperature difference &&T=2 K. Figure 7
Again, taking the width of the barrier to be equal to the shows the same comparison for,Bé;. For both materials,
electron mean-free path, the COP is the thermoelectric performs better.
Figure 8 shows the maximized COP for both a thermi-

3 . . : :
fq(7,V,Te,AT)— qh’k A_T onic and thermoelectric as a function of the materials param-
kTe e Amv2(m* ) %35T25, Te eter ranging from 0 to 0.5. The thermoelectric device is more
COP= —— . efficient than the thermionic device in all known and un-
qV fe( 771V1TC1AT) .
(4.4) known materials.
b AT=2K 1 30 20
25F InGaAs T 17.5
: AT T T~ 115 3 25F i85
L - -~ ] - 415
2r ~J 5} 1 O
. TE, -~ 4125 ] E
& : e - 1 § 20 j1258
1.5F ] o 3
o i e 5 o 15k 310 S
| P 075 2 O 1 =
2 . i 3
L LA s 3 lof E7.5 £
05 50.25£ s 55 5
3t 125 &
S 0 1 2 » 2 , E
reduced Fermi energy, n 0.1 0.2 0.3 0.4 0.5

materials parameter, B
FIG. 6. Coefficient of performance for a thermionic device with an InGaAs
barrier (solid) and an InGaAs thermoelectric devitgashed at room tem- FIG. 8. Coefficient of performance for a thermionic deviselid) and a
perature and a temperature differenceAf=2 K as a function of the thermoelectric devicédashed at room temperature and a temperature dif-
reduced Fermi energy. ference ofAT=2 K as a function of the materials parameter.



1630 J. Appl. Phys., Vol. 90, No. 3, 1 August 2001 Ulrich, Barnes, and Vining

VI. DISCUSSION AND CONCLUSIONS similar, but not quite the same as assuming that the chemical
o ) ] potential is independent of temperaturess que,/KT.
In 1999, Vining and Mahan determined a materials pa-  There are other assumptions and simplifications that
rameters for thermionics in the Boltzmann regime and in thg, e heen made in this model. It has been assumed that there

Ilngar limit.*® Their result for the rat!o of the_thermlonlc ma- is no quantum reflection at the heterojunctions. It has also
terials parametegr, to thermoelectric materials paramefer  peen assumed that all electrons that enter the barrier region

IS will traverse the barrier and do so without scattering. All of
B d these are overestimations and thus provide an upper bound to
LS —_—, (5.1)  the cooling ability of an ideal, single-barrier, solid-state ther-
B \m mionic device.

thus concluding that the thermoelectric device always per- 1hus, for all known materials, thermoelectric refrigera-
forms better than a thermionic device as the barrier witith tion is more effective and efficient than single-barrier solid-
cannot be larger than one mean-free prtin the model  State thermionic refrigeration.

presented in this article, the relationship between the materi-

als parameterfEq. (3.6)] is determined using Fermi—Dirac APPENDIX

s_tatist.ics and apart from linearization. In this model, the bar-  The Fermi-Dirac integral of order is defined as

rier width d has been taken to be exactly one mean-free path

and the factor ofr is also present. In the Boltzmann regime, F(n)= 1 fw
all orders of the Fermi—Dirac integrals reduce to an expo- " I'(n+1) Jo

nential and the rafio in Eq(3.6) becomes unity. Thus, these FD integrals are actually a part of the family of functions

results agree exactly with those obtained by Vining and I\/la'called the polylogarithms. The polylogarithm can be defined

ede

expe—7n)+1°

(A1)

han. : ; 19
. _ _ . in the following form:
A comparison of vacuum thermionic emission refrigera-
tion and thermoelectric refrigeration for projected devices . 1 = e lde
has been provided by Nolas and Goldsiidrheir results Lin(2)= () Joz Texple)—1 Ren>0. (A2)

show that a vacuum thermionic refrigerator with an electrode ) ) _

having a work function ofp=0.3 eV would be superior to The general relationship between the FD integrals and the
thermoelectric refrigeration in a material with a dimension-Polylogarithms is

less figure of merit ofZT=4. This is due to the superior Fo(m)=—Lin1[—expn)]. (A3)
transport properties of a vacuutfor example, an effective . ) , )
mass ratio ofn*/my=1) and that the transport of heat to the "€ Polylogarithms are highly useful for solving FD inte-
cold junction due to radiation is less than that due to a lattice9a!S because they are b“'zl(t) Into standagclj mathematical pack-
Room-temperature refrigeration in thermionic emission de29€S SUCh aBIATHEMATICA”" and MAPLE.”" Such packages
vices cannot be accomplished with today’s technology an@rov@e extremely fast ar!d efficient calculation of the_ poly_—
solid-state thermionic refrigeration is a valid consideration09arithms to any prescribed accuracy. The calculations in
Interestingly, though, when a material replaces the vacuunfis research were accomplished USKWHEMATICA.

3-25
thermionic refrigeration is limited by exactly the same mate-  Other authors, such as ReSeand Leé®*® have also.
rials parameter that is found in thermoelectric refrigeration. "0ted the usefulness of polylogarithms in calculating FD in-
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